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Abstract

In many social groups, for example, in European eco-settlements, social
movements (occupy), international organizations (WTO, OSCE, IPCC, etc.),
decision-making is based on the consensus of the group members. Instead of
voting, when the majority wins over the minority, consensus allows finding
a solution that each member of the group supports or, at least, considers
acceptable. This approach ensures that all the opinions of the group members,
their ideas and needs will be taken into account. At the same time, reaching
a consensus requires considerable time, since it is necessary to come to
an agreement within the group, regardless of its size. It was shown that in
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some situations the number of iterations (agreements, negotiations) is very
significant. Moreover, in the decision-making process, there is always a risk
of blocking a decision by a minority in the group, which not only prolongs the
decision-making time but even makes it impossible. As a rule, such a minority
is presented by one or two odious people. Such a member of the group tries
to dominate the discussion, always stands by his/her opinion, ignoring the
position of the others. This leads to a protraction in the decision-making
process, on the one hand, and a deterioration in the quality of consensus,
on the other, since only the opinion of the dominant part of the group would
be taken into account.In order to overcome this problem, it was proposed
to make a decision based on the principle of “Consensus Minus One” or
“Consensus Minus Two”, that is, not to take into account the opinion of one or
two odious members of the group. For example, in climate researches, where
many scientific disciplines are involved, a complete consensus is almost
impossible.

Based on the simulation of consensus using the Markov chain model, the
article studies the question of how much the decision-making time is reduced
when using the “Consensus Minus One” and “Consensus Minus Two” rules,
if the position of the dominant members of the group is not taken into account.

As it appears from the findings obtained, this paper can be in general
summarized by saying that the rule of thumb applied for making a decision
pursuant to the incomplete consensus principle has a solid mathematical
background. The simulation results showed that its use can reduce the time
required to reach a consensus to 97%, which is crucial for practice.

The average number of agreements hyperbolically depends on the average
authoritarianism of the group members (excluding the autocratic members),
which means that the negotiation process can be protracted at high values of
the above-mentioned average authoritarianism.

Keywords: Consensus, incomplete consensus, social groups, consensus
minus one, consensus minus two.

1 Introduction

The publication continues the series of articles devoted to the issues of
reaching consensus in social groups (Aronov et al., 2018, 2019). Cur-
rently, in many international, regional and national technical committees
for standardization, international organizations (WTO, OSCE, IPCC, etc.),
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European communities, social movements (for example, occupy), decision-
making is based on the consensus of the group members.Instead of voting,
when the majority wins over the minority, consensus allows them to find
a solution that each member of the group supports or, at least, considers
acceptable. This approach ensures that all the opinions of the group members,
their ideas and needs will be taken into account. At the same time, reaching
a consensus requires considerable time, since it is necessary to come to an
agreement within the group, regardless of its size. In the works of the authors,
the influence of various factors on the time of reaching consensus was studied
by simulation method (Aronov et al., 2018, 2019). It was shown that in
some situations the number of iterations (agreements, negotiations) is very
significant. Moreover, in the decision-making process, there is always a risk
of blocking a decision by a minority in the group, which not only prolongs
the decision-making time but even makes it impossible.

As a rule, such a minority is presented by one or two odious people. Such
a member of the group tries to dominate the discussion, always stands by
his/her opinion, ignoring the position of the others (Johncon et al., 2012).

In order to overcome this problem, it was proposed to make a decision
based on the principle of “Consensus Minus One” or “Consensus Minus
Two”, that is, not to take into account the opinion of one or two odious
members of the group. It is not for nothing that one of the consensus theorists
in the social movement P. Gelderloos (Gelderloos, 2006) called such people
“weeds”. Such a “weed” can be a dominant member of the group who ignores
the opinions of the others.

In standardization, this approach has led to the formation of a new type
of standardization documents – incomplete consensus documents. The effec-
tiveness of these documents was manifested during the COVID-19 pandemic,
when many foreign standardization bodies in order to accelerate the process
began to develop standardization documents on personal protective equip-
ment (for example, face masks) based on incomplete consensus standards
instead of common consensus standards (Aronov et al., 2021).

Obviously, the “Consensus Minus One” or “Consensus Minus Two”
rule reduces the decision-making time compared to the classical consensus
principle, but how much?

To solve this problem, the authors undertook a corresponding study based
on the mathematical method of Markov chains, which was described in a
paper of scholars (Aronov, Maksimova, 2018, 2019) and which proved its
suitability for simulations.
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2 Theoretical Model for Achieving Consensus Based on
Regular Markov Chains

In (Aronov et al., 2015), a theoretical model for achieving consensus based
on regular Markov chains is described in detail. Here are the main results.
Let n be the number of group members participating in the discussion; S(0)
= (s01;. . . ;s0n) is the vector of the initial opinions of the group members,
where s0i is the opinion of the i-th member. The participants in the negotiation
process exchange opinions among themselves regarding the values of the S
vector. The opinion of each of them may change during the negotiations.
Introducing the probability of trust of the i-th participant to the opinion of the
j-th participant through 0 < pij < 1 (i = 1,. . . ,n; j = 1,. . . , n) a square trust
matrix P = (pij), is formed, which sets the sequential process of agreeing
the views of group members. The sum of the probabilities pij in each row
of the matrix is 1, i.e. for any i ∈ 1, n the following

∑n
j=1 pij = 1 is true.

The vector of opinions of the group members at each step of the negotiations
can be calculated by the formula

ST(1) = P · ST(0) = (s01, . . . , s0n)
T (1)

After the k-th step of negotiations, the vector of opinions can be calculated
by the formula

ST(k) = (sk1, . . . , skn)
T = P · ST(k− 1) = Pk · ST(0) (2)

The iteration process ends at the m-th step if all the rows of the Pm matrix
become the same. Thus, the trust matrix P after m iterations reaches the final F
matrix (Kemeny and Snell, 1960). Due to the fact that the final matrix F does
not change during subsequent iterations, the vector of opinions of the group
members ST(m) = Pm·ST(0) = (sm1,. . . ,smn)

T , will not change either, i.e.
the consensus is reached.

3 Study of the Incomplete Consensus Model

In (Aronov et al., 2015), the factors that affect the number of agreements
before the consensus is reached, as well as the factors that affect the pos-
sibility of achieving it, are researched. Among the possible special cases in
(Aronov et al., 2015), a case of dominance of one of the group members
is specified, in which the negotiations are greatly protracted before the
consensus is reached.
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In the case when there is one autocratic participant1 (∃i = 1;n, pii = 1),
there is an absorbing state in the trust matrix P, and it can no longer leave
the iteration process (1) (Kemeny and Snell, 1960). Within the framework of
negotiations, this means that the opinion of such a participant does not change
as a result of agreements/iterations (in the final matrix F, it ispiielement
that remains equal to one). It is difficult to convince such a member of the
group, a consensus can be achieved only taking into account the opinion
of this autocratic leader. Let’s consider an example a possible initial trust
matrix P:

P =



0, 6 0, 1 0, 1 0, 1 0, 1

0, 4 0, 1 0, 2 0, 2 0, 1

0, 1 0, 3 0, 1 0, 3 0, 2

0, 3 0, 1 0, 1 0, 1 0, 4

0 0 0 0 1

 (3)

As a result of the iteration process described above, the initial trust matrix
P will converge to the final matrix F of the following form:

F =



0 0 0 0 1

0 0 0 0 1

0 0 0 0 1

0 0 0 0 1

0 0 0 0 1

 (4)

In such a group, consensus is achievable. For example, with the initial
trust matrix (1), it will take m = 29 agreements to reach a consensus (under
conditions of a given accuracy of the matrix elements ε = 0.01, defined as
the absolute difference for each j-th column |pij − pkj | < ε for all rows i, k
(j, i, k = 1, 5), which for such a small group is a long process. It is important
that in this case, the consensus takes into account only the opinion of the
autocratic leader, the opinion of the other members of the group is not taken
into account in the final decision. In other words, the quality of consensus
also degrades. If there is another autocratic member in the group in example

1Autocratic [from lat. autoritas– influence, power] is a socio-psychological characteris-
tic of a person, reflecting his/her desire to subordinate his/her partners in interaction and
communication and to influence them as much as possible.



56 O. V. Maksimova et al.

(1), we get the following P matrix:

P =


0, 6 0, 1 0, 1 0, 1 0, 1
0, 4 0, 1 0, 2 0, 2 0, 1
0, 1 0, 3 0, 1 0, 3 0, 2
0 0 0 1 0
0 0 0 0 1

 (5)

Such a matrix already contains two absorbing states (Kemeny and Snell,
1960). Matrices of this type and their corresponding Markov chains are
expanding (Gantmacher, 2004). Since the product (and, accordingly, the
degree) of expanding matrices is an expanding matrix, it is obvious that in
this situation consensus is not achievable (for any n > 2). In the literature on
group dynamics, similar conclusions are made when it comes to the presence
of several autocratic group members (Myers, 2010). Therefore, for further
research of decision-making based on the “Consensus Minus Two” rule, we
will consider a model with one absolutely autocratic member (leader) and a
second member with a high level of authoritarianism, which is though not
equal to one.

It is possible to solve the current situation with the protraction of
negotiations by their reorganization, which can be performed in various
ways:

(1) replacement of autocratic members;
(2) ignoring the opinions of autocratic members in the group when making

a decision.

The second approach is more common (we will call it “consensus minus
k”) since it does not require additional resources to find a new member of
the group and gives a significant reduction in the number of agreements. For
the trust matrix (1), after the removal of the autocratic leader, the number
of agreements in the group is reduced to m = 4, i.e. it is reduced by 86%
compared to the initial m = 29. Therefore, presence of even one ambitious
member in the group should be suppressed, since the opinion of this particular
participant will prevail, and the negotiation process will be protracted.

Next, we will discuss the analysis of reducing the time to reach consensus
in case ignoring the opinions of autocratic members of the group, i.e., the
situation of making a decision according to the “Consensus Minus One” or
“Consensus Minus Two” rule.

Next, we will focus on the analysis of procedures allowing to reduce
the consensus-building time given that we disregard the opinions delivered
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by autocratic group members, namely, we will discuss the decision-making
process based on the “Consensus Minus One” or “Consensus Minus Two”
rule.

4 Time Required to Reach a Consensus When There is
One or Two Autocratic Group Members

Let us to build a mathematical model of dominance using the example of 20
members of a social group. The paper (Zazhigalkin et al., 2019) testifies to
the fact that this number of members is optimally appropriate in terms of the
number of agreements before a consensus, provided that all other conditions
are the same.

Let us estimate the time of the opinion matrix P required for it to
converge to the final matrix F= Pm. This time is determined by the necessary
number of iterations m (discussions among social group members) to build
a consensus. Mathematically, m is defined as the degree of the matrix P,
at which the elements within each column j of the final matrix F meet the
common condition |pij − pkj | < ε for all i, k (j, i, k = 1, 20). To calculate
the m value, we will refer to the condition ε = 0, 01.

So, we consider two cases of simulation:

1. n = 20, where n stands for the “number of social group members”, m
stands for the “number of agreements before a consensus” (i.e., the time
required to reach a consensus), there is one leader running the group.

2. n = 20, where n stands for the “number of social group members”, m
stands for the “number of agreements before a consensus”, there is one
leader running the group and also one profoundly autocratic member,
since one more member who shows the ultimate level of autocracy
would prevent from reaching a consensus.

Each simulation process consisted of several stages:
At the first stage, we chose the levels of change in the number of group

members (n):

1: n = 5;
2: n = 10;
3: n = 20.

At the second stage, we suggested the probability pii to set the likelihood
of the participant’s confidence in themselves (so-called “the level of author-
itarianism”). When it comes to the leader, pnn is 1; we use for profoundly
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autocratic members pn−1,n−1 = 0, 85 ÷ 0, 95. For other group members,
please see the levels of authoritarianism pii presented below:

1: pii = 0, 20÷ 0, 30;
2: pii = 0, 45÷ 0, 55;
3: pii = 0, 65÷ 0, 75;
4: pii = 0, 85÷ 0, 95.

If the level of authoritarianism pii reaches almost 1, the person concerned
is unlikely to be prone to compromise, and if the pii value is around 0, is
typical of a conformist who does show a volatile position while negotiating,
and, therefore, they are inclined to drift toward other people’s opinions than
to own ones. Behavioural patterns of different group members were reflected
in the conditions for simulation 0, 20 ≤ pii ≤ 0, 95.

At the third stage, we simulated the pii elements of the matrix P for each
level n. For this purpose, we used the uniform law of distribution law under
the given conditions so that the sum of the probabilities within each line did
equal 1. In order to draw robust conclusions about the average number of
agreements m against the backdrop of other parameters changing, there were
100 simulations conducted in the Excel environment for each level of factors
(Efron and Tibshirani, 1991).

We have already pointed out that the consensus will take into account
only the leader’s opinion, if there is one in the group. Therefore, we will
further investigate the relationship between the number of agreements and
the number of members whose opinion is not taken into account in the
resulting decision. Fig. 1 shows the dependences of the number of agreements
(iterations) m on the number of group members excluding k as autocratic
group members when k = 1; 2. We may conclude that the number of
group members affects the number of agreements before a consensus strongly
given that there are autocratic members present, which is consistent with the
findings obtained previously (Zazhigalkin et al., 2019).

In order to present the average number of agreements on different levels
of trust (please see the second stage of simulation for details), we built
appropriate linear regression dependencies, which have the following form
(Tukey, 1977).

m̂ = b̂ · (n− k) + â, (6)

where m̂ stands for the “regressive number of iterations required to reach
a consensus”, (n − k) stands for the number of group members excluding
autocratic ones (k), b̂, â stand for regression coefficients of the equation.
It stands to reason that the “Consensus Minus One” model, if there are
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Figure 1 Dependence of the average number of agreements m on the number of group
members for different levels of authoritarianism p: the “Consensus Minus One” model does
not take into account one autocratic group member (linear trends are marked as “−−”), the
“Consensus Minus One” model does not take into account two autocratic group members
(linear trends are marked as “−”).

no other members (i. e. n − 1 = 0), does not provide any agreements in
contrast to the “Consensus Minus Two” model implying that, in presence of
two autocratic members, the ultimately autocratic one has to score several
numbers of agreements to pull the other one to their side. Therefore, for the
“Consensus Minus One” model, regression dependencies (2) contain a zero
intercept (â = 0, see Figure 1). The analysis of the model (2) attests not
to only visual, but also theoretical good alignment with the simulation data
(for each straight line, the coefficient of determination is R2 ≈ 0, 997). It
is evident that the number of agreements in the presence of two autocratic
members is, on average, greater than in the presence of one, provided that
other parameters are equal (Figure 1).

Given that the model is of high quality, Equation (2) allows deducing
the average number of agreements per one member for groups with one
leader. This number is set by the coefficient b̂; we may analyze its growth
when the average authoritarianism of the group members changes. In terms
of consensus, this number can be interpreted as a “specific” number of
agreements. For example, if the authoritarianism of the group members is
pii = 0, 2 ÷ 0, 3, the specific number of agreements equals 7. However,
if pii = 0, 85 ÷ 0, 95 is the case, it increases to 59, i.e., almost 9 times
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Figure 2 Dependencies of the average number of agreements m on the average authoritari-
anism of group members for different numbers of members without taking into account one
authoritarian for (n− k) members when k = 1; 2.

(Figure 1), which indicates a marked jump in the total number of agreements
and a significant protraction in the negotiation process.

The graphs in Figure 2 illustrate the high sensitivity of the number of
agreements m to the average authoritarianism of the members p and reveal a
hyperbolic connection when the average authoritarianism p approaches to 1.
This suggests a possible sharp increase in the number of agreements when
building a group with autocratic members.

As for the model with one leader, the graphs obtained in Figures 1
and 2, as well as the regression dependences make it possible to build up
a generalized 3D model, the graphic visualization of which is shown in
Figure 3:

m̂ = 5, 84 · n− 1

1− p
(7)

m stands for the average number of agreements, (n − 1) stands for the
number of group members (excluding the autocratic leader), p is average
authoritarianism of group members (excluding the autocratic leader).

The resulting model gives a high level of approximation (R2 ≈ 0, 997)
and allows performing a point estimate of the average number of agreements
under the given conditions (Figure 3). Let us assume that there are 20
participants gathered to agree on the project, among whom there is one leader,
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Figure 3 3D imaging of the model that presents the dependencies of the average number of
agreements on the number of group members (if there is one autocratic member).

and the average authoritarianism of the remaining members is p = 0, 9.
In this case, according to model (3), we might expect an average of 1041
agreements before a consensus, which gives evidence of an unacceptably
long negotiation process of several years. One of the possible solutions, as
described in paragraph 1, is to remove the leader from the decision-making
process. Further, we will focus on the analysis of this method that is likely to
reduce the number of agreements required to make a decision in the relevant
group.

5 Time to Reach a Consensus against the Backdrop of the
Autocratic Members Being Excluded

Paragraph 3.1 lists the conditions and stages of simulation in the presence
of autocratic members. The same stages will be followed when modelling
the “Consensus Minus k” situation. In this case, we have a group without
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Figure 4 Dependence of the average number of agreements m on the number of group
members at different average levels of authoritarianism without autocratic members.

autocratic members. Figure 4 shows the graphs based on the simulation
results for the average number of agreements under these conditions. Com-
pared to the dependencies presented in Figure 1, the situation at hand shows
a slow increase in the number of agreements along with an increase in the
number of group members (provided that all other conditions are the same),
which is well approximated by a logarithmic dependence (Figure 4). More-
over, such an increase in the average authoritarianism in the group results in
the coefficients of the logarithmic function rising against this background,
which indicates an increase in the average number of agreements.

The findings presented in the table show that the additional substitution
of one autocratic member (pii = 0, 85 ÷ 0, 95) with a representative typical
for the group already allows in some cases for reducing the number of
agreements by almost 4 times, even in the presence of a leader. The removal
of the ultimately autocratic member from the decision-making process entails
a sharp decrease in the number of agreements before a consensus.The sim-
ulation results summarized in the table speak for the fact that this decrease
in the “Consensus Minus One” model might vary in the range of 76–95%,
and, as for the “Consensus Minus Two” model, this value lies between 83
and 97%.
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6 Conclusion

As it appears from the findings obtained, this paper can be summarized
in general by saying that the rule of thumb applied for making a decision
pursuant to the “Consensus Minus k” principle has a solid mathematical
background. The results obtained through the simulations of decision-making
processes driven by the “Consensus Minus One” or “Consensus Minus Two”
rule associated with the removal of one or two autocratic group members,
can reduce the time required to reach a consensus to 97%, which is crucial
for practice.

The average number of agreements m hyperbolically depends on the aver-
age authoritarianism of the relevant group members (excluding the autocratic
member), which means that the negotiation process can be protracted at high
values of the above-mentioned average authoritarianism.

The expression (3), which approximates the dependence of the average
number of agreements on the average authoritarianism of group members in
the presence of one leader, makes it possible to estimate the average time
required to reach a consensus and form the necessary group more objectively
(in a directed manner).
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